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Abstract
We report experiments on bubble formation from needles with and without liquid co-flow, carried out with needles in
the range of 0.79 @ dn < 2.06 mm, for gas flow rates up to 4.5 cm3/s per needle, and with liquid co-flow velocities up to
0.4 m/s. Bubble sizes and frequencies were obtained by means measuring an acoustic signal in the pressurized chamber
upstream, which is validated by high-speed imaging analysis. Bubble contours, bubble growth curves and time return
plots were obtained to analyse the bubble formation process. Different bubbling regimes are distinguished and a novel
dimensionless pressure ratio is proposed to forecast the emergence of weeping and the transition from constant flow rate
bubbling to constant chamber pressure bubbling. A single correlation for the non-dimensional bubble size with and
without liquid co-flow was developed and validated with the experimental data obtained in the present study.
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1. Introduction
Bubble columns and air-lift reactors are widely used in
the chemical, biochemical and oil and gas industry [1]. The
bubble size determines the slip velocity and, as a result,
the mass transfer coefficient [2], while the bubble size dis-
tribution is determining the stability of the bubbly column
operation [1].
In most industrial operations, bubbles are introduced
via some sparger, often a ring sparger with holes, result-
ing in hardly any knowledge and control of bubble size
(distribution) and leading to a spatially very non-uniform
bubble distribution in a horizontal plane slightly above the
sparger. The effect of this very unsophisticated way of gas
sparging on the operation of the bubble column (reactor)
is badly understood. Usually, the bubbly flow is hetero-
geneous, with large-scale coherent and self-organizing flow
structures [3, 4, 5] which generate (additional) turbulence
and mixing, much stronger than in single-phase turbulence
[6].
Simulating this heterogeneous and turbulent two-phase
flow and the pertinent mixing by means of Computational
Fluid Dynamics (CFD) techniques is a real challenge [7].
This is true for both the Euler-Lagrangian approach (track-
ing individual bubbles) and the Euler-Euler (or two-fluid)
concept. In both approaches, bubble diameter plays a
crucial role with the view of expressions for the fluid-
particle and the fluid-fluid interaction, respectively [8].
Most of the time, a single bubble diameter is specified
Corresponding author
in the model which requires experimental data with uni-
formly sized bubbles for proper validation of the two-fluid
turbulence models of (commercial) CFD software. We
therefore are interested in the range of operating condi-
tions for producing uniformly sized bubbles without and
with liquid co-flow.
Several recent studies attempted to model the bub-
ble formation process from (micron sized) orifices using
a Volume of Fluid approach [9, 10, 11, 12], or by physical
modelling of the dynamic forces [13] for a growing bubble
[14, 15, 16, 17]. These studies are often limited to bub-
ble formation in the quasi-steady flow regime at low gas
flow rates, which is of less industrial relevance than bub-
ble formation at higher formation rates. Zhang and Shoji
[15] developed an algorithm to calculate the bubble volume
by modelling forces acting on a bubble including bubble
interference, collision and coalescence. Good agreement
with experimental data was achieved for relatively low gas
flow rates only, as convection in the liquid phase (which
was ignored) becomes significant at higher gas flow rates.
Bifurcation in the bubble departure times were observed
(as a result of bubble-bubble interactions), leading to a bi-
or polydisperse bubble size distribution. More experimen-
tal data on bubble formation, including operating regime
boundaries and bubble contours and resulting bubble size
distributions, is required for validation of the models.
The experiments reported in this paper on bubble for-
mation from a single nozzle with and without liquid co-flow
were carried out to assist proper design of needle spargers
in bubble columns (stagnant liquid) and air-lift reactors
(co-flowing liquid). The extensive literature on gas
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bubble formation has been reviewed before by several au-
thors, among which Kulkarni and Joshi [1]. Several bub-
bling regimes can be distinguished as a function of gas
flow rate. At low gas flow rates, bubble detachment is
surface tension controlled and the bubble diameter is in-
dependent of the gas flow rate, while at higher gas flow
rates, bubble formation is dominated by inertial forces
[13, 18, 19, 20, 21, 22, 23, 24, 25]. While some recent
studies focussed on bubble formation in the quasi-static
flow regime (and/or for small sized orifices) [26, 27, 28],
the main goal of the present research is to collect data on
regimes of higher gas flow rates and liquid co-flow velocities
for fast continuous bubbling producing uniform bubbles.
Apart from the study of Terasaka et al. [29] and Sada
et al. [30], no experimental data was found for bubble for-
mation from millimetre-sized needles with co-flowing liq-
uid. We therefore investigated, in a single-needle test set-
up, bubbling in a wide range of gas and liquid velocities
to improve beyond existing, often diverging, correlations
on bubble formation without [1, 21, 31] and with [29, 30]
liquid co-flow. We summarize:
• Not only did we take images with a high-speed cam-
era (producing huge amounts of data), we also used
an acoustic signal [32, 33] from a microphone at-
tached to the upstream pressurized chamber for mea-
suring bubble formation rates to be used for calcu-
lating bubble sizes.
• We analysed the dynamics of bubble formation by
means of time-return plots (familiar in chaos the-
ory) and obtained standard deviations of bubble for-
mation times and bubble diameters. We presented
bubble contours for growing and departing bubbles
to show the potential interaction between bubbles at
different gas flow rates and liquid co-flow velocities
for different needles and we observed, under certain
conditions, so-called period-2 bubbling [34, 35].
• We determined bubble growth curves to explore the
transition from constant flow rate to constant up-
stream pressure, and we proposed a new non-dimensional
pressure ratio based on the orifice constant to predict
this transition and the occurrence of weeping.
• We arrived at a novel correlation for the bubble di-
ameter which is valid for bubble formation with and
without liquid co-flow under constant pressure injec-
tion conditions.
• We identified the limits between the various bub-
bling regimes and fitted correlations based on our
dimensional analysis.
All this means that new and precisely documented data are
added to the literature on bubble formation, which can be
used to validate advanced numerical or physical models.
2. Bubbling regimes
For ready reference, we present here a concise overview
of all correlations we used in correlating our experimen-
tal data, where the correlations are presented by bubbling
regime. A sketch of the bubbling process is given in Figure
1 along with the most important variables.
2.1. Surface tension controlled regime (STC)
When the (constant) gas flow rate is very low such that
its inertia may be ignored, the bubble is assumed to be




















Figure 1: Bubble contour at detachment. Clarification of symbols:
ρl: density of water; σ: surface tension; µl: liquid viscosity; vg : gas
velocity; vl: liquid velocity; db: bubble diameter; do: outer diameter;
dn: nozzle (inner) diameter; g: gravitational constant; C: clearance;
H: bubble height.
equal to the surface tension force (σdn), implying that the
resulting bubble diameter is independent of the gas flow
rate:
d    6
Bo
1~3  1.82Bo1~3 (1)
where Bo denotes the non-dimensional Bond number and
d the non-dimensional bubble diameter, db~dn. Eq. (1)
can be found in dimensional or non-dimensional form in
the literature with either the bubble volume [19, 21] or
the bubble diameter [20, 22, 25] as the dependent vari-
able. Gaddis and Vogelpohl [22] mentioned a critical noz-
zle diameter for which the static bubble diameter is equal
to the nozzle diameter and claimed that Eq. (1) is valid
for Bo @ 6. This equation is only valid for constant flow
condition, as bubbles formed under constant pressure (see
discussion of Eq. (17) below) are formed by a more com-
plex mechanism [21].
2.2. Inertia controlled detachment (IC)
At moderate gas flow rates inertia starts playing a role
[23, 20, 21, 22, 18, 19, 24]. A theoretical analysis along with
experimental data for constant gas flow and low viscosity







This result can be rewritten in non-dimensional form com-
prising the Froude number Fr:
d   1.253Fr1~5 (3)
2.3. Transition between surface tension and inertia con-
trolled detachment (STC-IC)
The first study mentioning a critical flow rate Qcr to
describe the transition between surface tension controlled
detachment, Eq. (1), and inertia controlled detachment,
Eq. (3), was performed by Bhavaraju et al. [20]. A critical
flow rate was defined based on the postulation that the
distance between the bubbles (centre-to-centre) cannot be
smaller than the diameter of the bubbles formed.
The value for Qcr was further studied experimentally
and numerically by Oguz and Prosperetti [19] who devel-
oped an approximate model based on the Rayleigh-Plesset
equation, while assuming constant pressure, including the
flow resistance in the orifice and neglecting both the drag
force on the growing bubble and the interaction with pre-
ceding bubbles. Eventually, Qcr was found to be:
Qcr   π  163g2 1~6 σdn2ρ 5~6 (4)






5~3  8.81Bo5~3 (5)
The bubble volume is then given by:
Vb
Vcr






While Eq. (6a) is equivalent to Eq. (1), Eq. (6b) can
be reduced to d  1.18Fr1~5 which is very similar to Eq.
(3).
Gaddis and Vogelpohl [22] proposed a model based on












and in non-dimensional form, using Bo,Fr, and the Cap-
illary number Ca, as:










Gaddis and Vogelpohl [22] claim that their model is valid
up to the flow rate at which the jetting regime is entered,
where the gas inertia force balances the surface tension
force, i.e. at We   4.
2.4. Period-2 bubbling (P2)
The distance C, see Fig. 1, between two successive
bubbles plays an important effect on the bubbling regime.
As long as C is large, bubble growth may not be affected
by the preceding bubble and bubble formation is inertia
controlled.
At higher flow rates, Period-2 bubbling occurs [34, 35,
37, 38], where the current bubble (nth) grows in the wake of
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the departing (n1th) bubble leading to a repeating cycle
of two related bubble detachments. Interactions between
a growing bubble and (the wake of) a previous bubble
become significant for C @ 2mm [39]. Flow maps were
constructed but no correlations were given in the literature
for this regime transition.
At even higher flow rates, bubble formation becomes
really chaotic [40, 41, 42, 43, 44], where a growing bubble
merges with the departing bubble, or where a jet of air
is released in the liquid and breaks up to form bubbles.
These regimes are further described in Kyriakides et al.
[38] and are not further discussed in the present study.
2.5. Bubble formation in co-flowing liquid
Literature on bubble formation in co-flowing liquid is
not as abundantly available as for the quiescent case[21, 45,
1]. Experiments on bubble formation with liquid co-flow
were performed in the study of Terasaka et al. [29]. Al-
though their model was found to be in good agreement, a
correlation was not proposed. The theoretical and numer-
ical analyses by Chen and Tan [46] and by Chakraborty
et al. [47] did not result in practical correlations.
Chuang and Goldschmidt [48] developed non-dimensional
models based on a force balance over a bubble just prior
to detachment. For bubbling in a quiescent liquid, their
model included bubble-bubble interaction, required inte-
gration of a non-linear differential equation and resulted
in an expression for the flow rate which was made non-
dimensional with the liquid viscosity.
We focus here on their model for bubble formation in
co-flowing liquid, when bubble-bubble interactions may







d2b  d2oρl2 vl  dbfb6 2   πdnσ  πρlf2b d4b54
(10)
where do is the needle outer diameter and CD   18.5~Re3~5.


































where do   do~dn, and this equation has to be solved nu-
merically in order to find d. Ignoring the contribution
for surface tension and liquid velocity in Eq. (12) gives
d  0.76Fr1~5, which differs significantly from Eq. (3).
A correlation for the bubble size was proposed by Sada























Figure 2: Schematic drawing of the experimental setup. 1) Pres-
surized chamber; 2) Calming chamber; 3) Flow straightener; 4) Con-
traction; 5) Passive grid; 6) Orifice; 7) Overflow vessel; 8) High-speed
camera; 9) Diffuser; 10) Continous LED light.
in which a drag force term (with CD   0.44) was added to
the buoyancy force in the denominator. Their correlation
for d runs as
d   1.55Fr1~5mod (14)
We note that Eq. (14) is implicit in db. For vl   0, this
equation reduces to:
d   1.44Fr1~6 (15)
which differs from correlations presented above.
Oguz and Prosperetti [19] also considered bubble for-
mation in the presence of liquid co-flow: they added the
liquid velocity to the bubble rise velocity, leading to an
















Fig. 2 shows a schematic drawing of the test setup.
The test section consists of a 70 mm square flow channel
with the nozzle positioned at the centre. A submersible
pump (with variable speed drive) was situated in a 300 L
buffer vessel to provide liquid flow rates up to 6.6 m3/h.
The liquid flow rate was measured by using a Siemens
4
  
Sitrans FM MAG5100W DN50 electromagnetic flow me-
ter and fed into a common manifold. Four 1-1/4" pipes,
which come from the manifold, were connected to the 200
mm cubic calming chamber, one on each side, and a poly-
carbonate honeycomb (cell size 5 mm, thickness 100 mm)
was in place to provide flow straightening.
A contraction was installed (CR   8.2), followed by a
passive grid with bore diameter of 8 mm and porosity of
66% to keep the needle in a centred position. The velocity
of the co-flowing liquid vl (in the vicinity of the needle
tip) is in the range 0 - 0.38 m/s. Exploratory CFD (single
phase kε model) has shown that a uniform liquid velocity
in the test section is established; hence vl is given by the
average velocity in the test channel. An overflow vessel
was situated on the top to create a free surface and to
collect the water to ensure continuous circulation.
A straight stainless steel needle, 400 - 800 mm in length,
ran through the calming chamber and connected to a pres-
surized chamber with volume Vch of 500 cm3. The needle
inner diameter was varied between 0.79 - 2.06 mm, whereas
the outer diameter was 1/8" or 1/16". We varied the nee-
dle submergence between 100-900 mm (but did not see a
significant effect on the resulting bubble sizes).
The air mass flow rate was controlled using a Bronkhorst
EL-Flow Select F-201CV mass flow controller with an ac-
curacy rating of  0.5 % of the reading (setpoint)  0.1 %
of the full scale (250 cm3/min).
A high speed camera (IDT X-Stream XS-4) allowed
capturing the process of bubble formation at a resolution
of 512 x 512 pixels at a rate up to 5000 frames/second
(fps). In order to provide sufficient illumination, a contin-
uous (60 Watt) LED light was installed behind the flow
channel (see Fig. 2), with a diffuser paper (A4) in be-
tween. The exposure time could be kept as low as  40 µs
(to create a sharp, nearly binary image), while the aper-
ture of the lense (BoliOptics 0.75-5  microscopic video
zoom lens assembly) was less than half open to create a
small depth of view.
A 6 mm diameter microphone with a two-stage pream-
plifier (Micronic waterproof CCTV microphone) was in-
stalled in the pressurized chamber and the output signal
(V) was acquired at a rate of 20 kHz with a National In-
struments USB-6001 I/O Device.
We used compressed and dried air and filtered tap wa-
ter. For cases requiring a higher viscosity, a 50/50 or a
60/40 wt% glycerol-water mixture was used and the vis-
cosity was measured with a Brookfield DV2T Viscometer.
3.2. Constant flow rate (CF) vs. constant pressure (CP)
In the presence of a pressurized chamber or common
manifold with a finite volume, the flow through the orifice
or needle may suffer from pressure fluctuations leading to a
variable flow rate and intermittent bubble formation (with
intervals of a bubble waiting on top of the needle) or weep-
ing [49].
While the model of Oguz and Prosperetti [19] presumes
a constant supply pressure, Chen and Tan [46], Terasaka
et al. [29], Miyahara [50], Zhang and Tan [49], Corchero
et al. [51] included Vch in their models, which however may
lead to a stiff set of non-linear differential equations and





which is in the range 15-85 for our test facility, may act
as an indicator for constant pressure or constant flow con-
ditions and Yang et al. [52] claimed that constant flow
conditions are reached when NC @ 1.
Badam et al. [37] claimed that constant flow conditions
are met when Ln~d4n A 1012m3. This dimensional condi-
tion, based on the paper of Takahashi [53], relates to the
flow resistance of the needle. Davidson and Schuler [36] in-
troduced a dimensional orifice (or needle) constant kor,t  
Qg~º∆P . Clift et al. [21] proposed a non-dimensional ori-
fice constant kor,t valid for turbulent flow through the noz-
zle and claimed that the flow rate is constant if kor,t   0,
whereas under constant pressure condition bubble volumes
may become up to ten times bigger at the same flow rate.
Since the orifice flows in the present study are laminar, the








while, following Clift et al. [21], a laminar non-dimensional





and will be used further on.
As the Laplace pressure is maximum just after detach-
ment (when the bubble has a diameter of  dn) and de-
creases as the bubble grows, we hypothesise that weeping
will set in when the pressure drop due to friction is just of
the order of the (fluctuating) Laplace pressure and the flow
cannot be sustained. To this end, we introduce a pressure








with the view of describing the emergence of weeping.
3.3. Experimental procedure and data processing
We started each series of experiments at a high gas flow
rate and recorded microphone data for 50 s, while images
were captured at a rate of 1000 fps for just 5 s. Then, we
decreased the gas flow rate by a small step and waited for
30 s before we started recording new data. We found that
a new equilibrium was reached within 10 s after the gas
flow rate had been adjusted. This procedure was continued
until bubble waiting or weeping occurred.
The needle diameter ( 80  1 pix) was used to cal-
culate the spatial resolution, resulting in  40 µm/pix 




Figure 3: Steps in the image processing. (a) Raw image; (b) Bina-
rized image; (c) Bubble contours.
method for the determination of the threshold value (b)
and the bubble contours were extracted from the images
(c) as shown in Fig. 3. The sensitivity of the binarization
threshold was evaluated and a 10 % change in threshold
value resulted in a 1.5 % deviation in the obtained bub-
ble diameter, which is significantly less than the spatial
resolution of the camera.
Assuming radial symmetry, the direct bubble equiva-









where y is the vertical coördinate, dy the horizontal di-
ameter at position y, and ∆y the pixel size. Bubble growth
curves were constructed (see Figure 4 top) and mutual dis-
tances from growing and departing bubbles were measured
from the images.
Using the mean bubble formation rate, the indirect







where fb was obtained from counting bubbles from either
high speed imaging or acoustic data. The deviation caused
by the potential error in the flow rate setting, in % of db,
is 0.5 % at a flow rate of 0.42 cm3/s (10% full scale).
An example of a bubble growth curve based on image
analysis (top) and a microphone response signal (bottom)
is given in Fig. 4. The image processing algorithm records
the size of the bubble attached to the nozzle (where a
new bubble is detected after a bubble has detached from
the nozzle), while the microphone signal is characterized
by a sharp descent as a result of bubble pinch-off. For
calibration of the latter method (in order to obtain the
bubble formation rate), few experiments were performed
where both signals were measured simultaneously.
The synchronization of the signals, as shown in Fig.
4, was made by obtaining the time shift for the highest
value of the cross-correlation, as the trigger lag of the
camera/data acquisition unit was found to be much higher
than the sampling period.
The raw microphone response signals were filtered by























Figure 4: Top: bubble growth curves obtained by high-speed imaging
(mm, line + circles). Bottom: microphone response signal (V olt,
solid line). dn   1.55 mm, Ln   600 mm and Qg   4.16 cm3/s. The
time lag between the signals (corrected) was found by analysis of the
cross-correlation of both signals.
frequency of 750 Hz. The derivative of the response signal
was taken (not shown) and the local minima were used
to obtain the bubble formation intervals. The mean bub-
ble frequency was obtained from the bubble formation in-
tervals and the indirect bubble equivalent diameter was
calculated according to Eq. (22) and found to be within
the 95% confidence interval of the direct bubble equiva-
lent diameter by Eq. (21). By using a microphone to
measure bubble formation intervals, validated with high-
speed imaging data, we can perform many experiments
while avoiding acquisition and analysis of large amounts
of image data.
4. Results and Discussion
4.1. Bubbling regimes
Fig. 5 shows bubble contours of growing and departing
bubbles for various operating conditions. A regime map
is constructed and shown in Fig. 12 (discussed later), but
we limit ourselves here to two needle sizes, two gas flow
rates and two liquid co-flow velocities. Bubble contours
of the growing and departing bubbles are shown at four
time instances in the bubble formation cycle: t~tb = 1~4
(dotted), 1~2 (dashed), 3~4 (dot-dashed), and 1 (solid).
t~tb is the non-dimensional time, which is a fraction of the
formation time tb of a bubble.
The contours of the growing bubble, which is still at-
tached to the needle, is shown in black and referred to as
the nth bubble. The preceding bubble n1th is shown in
blue and is departing from the needle. The second previ-
ous n 2th bubble (if still visible in the image) is shown
in green and will not be analysed further.
The distance between the top of the nth bubble and
the bottom of n  1th, which is referred to as clearance
6










































































Figure 5: Bubble shapes of growing and departing bubbles at succes-
sive time instances. (a)-(d): vl   0 m/s; (e)-(h): vl   0.38 m/s; Left:
Qg   1.25 cm3/s; Right: Qg   4.17 cm3/s; Row 1,3: dn = 1.55 mm,
do = 3.18 mm; Row 2,4: dn = 1.19 mm, do = 1.57 mm. (b) + (d):
Period-2 bubbling. The current bubble n is shown in black, the
previous bubble n  1 in blue and the penultimate bubble n  2)
in green. The subsequent bubble n  1 in shown in red and occurs
for Period-2 bubbling only.
C, is a function of time, gas flow rate and liquid co-flow
velocity. The clearance decreases with increasing gas flow
rate (from left to right in Fig. 5).
The figures 5a,c,e,g show the effect of co-flow of liquid
on the clearance at low Qg. Where it is expected that the
clearance increases with increasing co-flow velocity (which
is true for 5a,e), this effect seems to be very small for a
smaller needle diameter (see Fig. 5 c,g) at low gas flow
rate. The distance travelled by the departing bubble can
be approximated by vbtb, where vb is the sum of the ter-
minal bubble rise velocity and the liquid co-flow velocity.
For increasing liquid co-flow velocity, the bubble formation
time decreases, which may compensate for the increasing
vb.
For high gas flow rates in the absence of co-flow (Fig.
5b,d), the clearance at t~tb   1 is alternating between two
successive bubble formation events and two illustrations
of the bubble contours are needed to show the difference
between successive bubbles. While the current (nth) bub-
ble is shown in black (left bubble train of Fig. 5 b,d), the
following (n  1th)bubble is shown in red (right part of
Fig. 5 b,d). The grey straight arrows point to the same
bubbles for the next time instance (to t~tb = 5~4 for the
nth bubble). The nth and n  2nd bubbles show simi-
lar behaviour as well as the n  1th and the n  1th,
(connected by the dashed curved arrow) which shows that
two bubble formation events form a single repeating cycle,
which is characteristic of Period-2 bubbling and will be
discussed further on.
Period-2 bubbling (at high Qg) was not observed when
co-flow was applied (see Fig. 5f,h). The clearance in-
creased with the presence of co-flow and bubble-bubble
interactions become insignificant.
We see from the bubble contours that the outer diam-
eter (3.18 mm for 1.55 mm ID, and 1.57 mm for 1.19 mm
ID, respectively) has no significant effect on the develop-
ment of a bubble, neither without liquid co-flow (Fig. 5a-
d) nor with liquid co-flow (Fig. 5 e-h), and will therefore
be omitted in our further analysis.
4.1.1. Intermittent bubbling
At low gas flow rates bubbling takes place intermit-
tently: a burst of bubbles is released from the needle after
the pressure in the pressurized chamber has built up suf-
ficiently to overcome the Laplace pressure, which is max-
imum for the minimum bubble diameter which is equal
to dn. During such a release ( 5-10 bubbles per burst),
the pressure in the chamber drops to a sub-critical value,
the flow rate through the needle decreases to zero, and
the next bubble has to wait (bubble waiting) on top of
the nozzle until the pressure in the chamber has recovered
and produces a chain of bubbles. While Ruzicka et al. [32]
and Cano-Lozano et al. [54] reported periodic meniscus
dynamics, where a small column of water penetrates the
orifice between each bubble formation event without leak-
ing into the pressurized chamber, we observed intermittent
7
  



































Figure 6: Averaged growth curves for (a) the bubble volume Vb and
(b) bubble height H as function of time for the bubble attached to
the nozzle. The growth of the bubble is due to the inflow with an
average flow rate Qg as set by the mass flow controller, see colorbar.
dn = 1.55 mm, Ln = 600 mm. Each interval is  0.1 cm3/s.

























Figure 7: Derivative of the growth curves (Vb) shown in Figure 6
with respect to time for a range of flow rates. The numbers in the
figure denote the mean flow rate (in cm3/s) for the corresponding
bold lines.
bubbling which evolved quickly to "weeping", which may
be due to the wetting properties of stainless steel.
The importance of the needle length follows from the
data obtained with a 1.55 mm diameter nozzle and three
different lengths. In our experiments without liquid co-
flow, bubbling was continuous as long as PR @ 4.5, with
PR being defined in Eq. (20). With co-flow, we found
a large spread in bubble formation times at low gas flow
rates and no sharp transition was observed (see also the
discussion on Fig. 11b further on).
4.1.2. Constant nozzle flow (CF) vs. constant chamber
pressure (CP)
Fig. 6 shows the evolution of (a) the bubble volume
Vb and (b) bubble height H for a needle with inner diam-
eter of 1.55 mm and length of 600 mm. The gas flow rate
ranges from 0.8 to 4.2 cm3/s with 0.1 cm3/s intervals. The
bubble growth curves are obtained by averaging all bub-
ble formation events found within  2 ms from the mean
formation time.
Fig. 6a shows that at high flow rates the bubble vol-
ume increases linearly with time, indicating constant flow,
whereas at low flow rates the growth rate of Vb deviates
from linear. At high gas flow rates Qg, the (fluctuating)
Laplace pressure is small compared to the pressure drop
over the needle and (almost) constant flow is achieved,
whereas at lowQg (when the Laplace pressure becomes sig-
8
  
Table 1: Oscillation frequencies fosc found in V̇ for various experi-
ments and compared with the Rayleigh-Lamb frequency fR-L (based
on a bubble with a diameter equal to the needle diameter).
dn Ln fosc fR-L
mm mm Hz Hz
2.06 600 208  7 142
1.75 600 207  7 181
1.55 800 161  7 217
1.55 600 215  7 217
1.55 400 313  9 217
1.35 600 172  21 267
1.19 600 217  19 323
0.97 600 202  17 440
nificant) a complex interaction between the chamber pres-
sure, Laplace and Hagen-Poiseuille causes the flow condi-
tion to deviate from constant flow.
Fig. 6b shows some oscillations of the bubble height H
at the initial stage of a bubble formation cycle for low gas
flow rates (yellow lines). Bubbling becomes intermittent
at lower gas flow rates (lower than 0.63 cm3/s) and no
bubble growth curve can be presented as each bubble in
such a bubble burst experiences different conditions (e.g.
instant flow rate, chamber pressure).
Fig. 7 shows the numerical derivative V̇ of the bub-
ble volume (Fig. 6a) with respect to time, which may be
interpreted as an instantaneous flow rate. V̇ increases dur-
ing a formation cycle as a result of the decreasing Laplace
pressure and is found to peak just prior to detachment.
After the bubble detaches from the needle, the next bub-
ble has an initial diameter of  dn. The sharp increase in
the Laplace pressure gives rise to a sudden change in the
pressure drop along the needle, which causes the instanta-
neous flow rate to fluctuate.
In order to find the oscillation frequency fosc, the in-
stantaneous flow rate V̇ is first up-sampled at a rate of
5000 Hz using a cubic spline data interpolation method
and then filtered using a 9th order Butterworth high-pass
filter with a cut-off frequency of 125 Hz. The filtered signal
is divided in blocks of 0.2 s with an overlap of 50 % and
multiplied with the Hanning function. The Fast Fourier
transform is computed for each block and the spectrum is
averaged in the frequency domain. The frequency of the
highest peak is found to be independent of the flow rate
Qg and the liquid co-flow velocity vl. fosc is determined
for various gas flow rates Qg (for a needle with diameter
dn and length Ln), and shown in Tab. 1. Exploratory ex-
periments show that this oscillation frequency is a strong
function of the nozzle length, and may therefore be a result
of resonance of the interaction between the (fluctuating)
chamber pressure and (fluctuating) pressure drop over the
needle as a result of bubble detachment. fosc is compared
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Figure 8: Coefficient of variation of V̇ (Fig. 6) as obtained from high
speed imaging vs. (a) kor and (b) PR for various needle sizes.
for bubbles with a diameter equal to the needle diame-
ter. While the Rayleigh-Lamb theory is valid only for free
bubbles of a constant volume, and no trend, as in Vobecká
et al. [55], was observed as a function of dn, more experi-
ments are required (with different needle lengths/diameters
and chamber volumes) to study the origin of this oscilla-
tion.
At Qg @ 0.83 cm3/s, V̇ drops to almost zero. Flow
reversal may occur if the pressure drop through the noz-
zle (as function of Qg) equilibrates the fluctuating Laplace
pressure and bubbling will become intermittent. We found
that the capacitance number as defined by previous au-
thors [21][52] and repeated as Eq. (17) is not conclusive
for distinguishing between constant flow versus constant
pressure conditions as the deviation from constant flow
conditions depends on the flow rate. A ratio of Laplace
pressure and pressure drop, see Eq. (20), is used to de-
scribe the transition between continuous and intermittent
bubbling, but it should be noted that db is not included
in the description of PR whereas the fluctuating Laplace
pressure is a function of both dn and db.





where σV̇ is the standard deviation of V̇ , is used to describe
the transition from constant pressure to constant flow con-
ditions. The CoVV̇ data do not collapse onto a single line
when kor, Eq. (19), is used as dimensionless parameter to
describe the deviation from constant flow condition (see
Fig. 8). However, when CoVV̇ is plotted against PR, see
Eq. (20), we found that most experiments scale according
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Figure 9: Bubble diameter (db), bubble height (H), and distance
between leading and trailing bubble (C) as measured from the high-
speed imaging data as function of gas flow rate. dn   1.55 mm, Ln  
600 mm.
to
CoVQ   0.15PR (25)
Only the 2.06 mm inner diameter needle does not scale
properly at flow rates lower than  Qcr, but more experi-
ments are required to investigate this discrepancy
4.1.3. Surface tension (STC) vs. inertia controlled (IC)
detachment
The critical flow rate Qcr, marking the transition from
surface tension to inertia controlled detachment, was found
by analysing the earlier bubble growth curves (as in Fig.
6a). The slope of the dashed line connecting the ends of
the growth curves changes sharply at a flow rate of  1.5
cm3/s, which seems to coincide with the change in slope of
the bubble formation rate versus the gas flow rate as shown
by the dashed line in Fig. 13a. This transitional flow rate
is experimental evidence of Qcr [19, 20], which describes
the transition from surface tension to inertia controlled de-
tachment bubble formation. This is further confirmed by
the stagnation in H (see Fig. 6b) at sub-critical flow rates.
This analysis is repeated for several needle diameters and
summarized in Fig. 12. No constant volume detachment,
with a bubble diameter described by Eq. (1), was observed
as, due to the presence of a pressurized chamber, the in-
stantaneous flow rate V̇ increased with increasing Vb and
imposing constant flow was not possible.
4.1.4. Period-2 bubbling
Fig. 9 shows bubble diameter db, bubble height H, and
clearance C at the moment of bubble detachment (at the











Figure 10: Distance C between leading and trailing bubble at the
moment of detachment for Qg   0.73 (yellow), and 4.17 cm3/s (blue)
for the top and bottom line respectively. The inserted images show
two consecutive bubbles at the end of their formation cycle for the
corresponding experiments. dn   1.55 mm, Ln   600 mm.
end of a bubble formation cycle) as a function of gas flow
rate for a 1.55 mm ID needle as measured from images
taken with a high-speed camera. The volume equivalent
bubble diameter db and bubble height H increase with gas
flow rate, whereas C decreases withQg. For the lowest flow
rate measured, C is approximately three bubble diameters
( 14 mm), whereas this distance decreases to  2 mm
for high gas flow rates. Bubble-bubble interaction forces
become more dominant with increasing gas flow rate as
the distance between the bubbles decreases. For Qg A 3.5
cm3/s, the spreading in C increases, indicating Period-2
bubbling.
Fig. 10 shows C (at the moment of bubble detachment)
as a function of time for two image series. Two image pairs
are given to illustrate the bubble contours at two succes-
sive bubble detachment events. At low gas flow rate (top,
yellow) C is constant with a small spreading, which agrees
well with the data shown in Fig. 9. At high gas flow
rates, C alternates (with some intermittency), such that
the formation of a set of two bubbles formation events is
one recurring cycle. The trailing bubble grows directly in
the wake of the leading bubble, resulting in a faster ac-
celeration after detachment and a larger clearance for the
successive (leading) bubble. Period-2 bubbling is observed
at high gas flow rates for a range of needle diameters (see
also Fig. 5b,d), where two bubble formation events are
shown to illustrate a periodic cycle. The leading and trail-
ing bubble differ in shape towards the end of the formation
cycle, but no significance difference in volume is observed
10
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Figure 11: Time-return plots for continuous bubble formation in (a)
quiescent water (vl   0) and (b) with liquid co-flow (vl   0.38 m/s).
The bubble formation time of the new (n1th) bubble is plotted on
the yaxis against the bubble formation time of the previous (nth)
on the xaxis. dn   1.55 mm, 0.83 @ Qg @ 4.16 cm3/s.
between the leading and trailing bubble.
This alternating behaviour can also be obtained from
time return plots, where the formation time of the cur-
rent bubble tnb is plotted against the formation time of the
preceding bubble tn1b , where n is the bubble number and
tb is obtained from the microphone response signal. Fig.
11a shows the time-return plot for bubbling from a 1.55
mm diameter needle at various gas flow rates (different
flow regimes). The results are clouds of formation times
spreading around the y   x line.
For low gas flow rates (long tb’s), the data points spread
randomly around the mean formation time. This spread-
ing is due to fluctuations in the instantaneous gas flow
rate V̇ (see Fig. 7) as PR approaches a critical value and
intermittent bubbling/weeping is emerging. At intermedi-
ate gas flow rates, bubble formation times are steady. At
high gas flow rates, bubble formation times are alternating
at  2 ms from the mean formation time (see Fig. 11a)
due to Period-2 bubbling. Two bubble formation events
create a recurring cycle, which was confirmed with the
high-speed camera. The difference in formation time be-
tween the leading and trailing bubble is  4 ms, whereas
the mean formation time is  32 ms. The resulting varia-
tion in bubble diameter is  5%, which is hardly detectable
by the camera used.
A bimodal bubble formation time distribution (over
the course of a 30 s measurement) is not observed as the
period of Period-2 bubbling varies slightly (see Fig. 10) for
experiments carried out in water. For higher viscosity liq-
uids, chaos was reduced and the Period-2 bubbling regime
transition was defined more clearly and a bimodal bubble
formation time distribution was observed (not shown).
Period-2 bubbling is not observed with liquid co-flow
(see Fig. 5f,h), as each bubble is entrained by the co-
flowing liquid and interaction of the growing bubble with
the preceding bubble is reduced. For high liquid co-flow
velocities (see Fig. 11b), the spreading in bubble formation
time becomes narrower with increasing gas flow rates until
coalescence is observed (for needles with dn @ 1 mm only).
More experiments with higher gas flow rates are required
to study the regime transition to bubbling with coalescence
for larger sized needles.
The spreading at low Qg results from a varying in-
stantaneous flow rate V̇ as the pressure drop through the
needle is insufficiently large to maintain constant flow and
PR reaches a critical value. For increasing Qg, the pres-
sure drop through the needle increases (PR decreases) and
the approaching constant flow condition has a calming ef-
fect on the bubble formation process.
4.1.5. Transitions between bubbling regimes
We distinguished between four bubbling regimes, de-
fined in terms of Fr and Bo as shown in Fig. 12, viz.
intermittent bubbling, surface tension controlled (STC)
bubble formation, inertia controlled (IC) bubble formation
and Period-2 bubbling. The correlations proposed below
for the regime transitions are for Bo in the range 0.1-0.6.
The coloured filled markers in Fig. 12, without trend
line, relate to the transition between intermittent and con-
11
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Figure 12: Operating map for continuous bubbling in quiescent liq-
uid. The dashed line given by Eq. (28), denotes the transition to
the Period-2 bubbling regime. The dashed line given by Eq. (27)
indicates the transition between surface tension controlled and iner-
tia controlled bubble formation. The open black markers denote the
transition from continuous to intermittent bubbling as given by Eq.
(26). Symbols as in Fig. 8 and 13.
The annotated black markers show Frcr data available in the liter-
ature: (m) Badam et al. [37]; (L) Zhang and Shoji [15]; (Ë) Tritton
and Egdell [35]; (i) Tufaile and Sartorelli [56]; () Kyriakides et al.
[38] (single-double coalescence); (Y) Kyriakides et al. [38] (single -
P-2 bubbling).
tinuous bubbling (see Fig. 8b), which occurs at:
PR  4.5 (26)
A symbol denotes the lowest gas flow rate in the regime of
continuous bubbling while the bar indicates the range to
the next measured (lower) gas flow rate where the bubble
formation showed at least one interval of bubble waiting.
The open black markers with trend line show the predic-
tion of the weep point using Eq. (26) and Eq. (20) for a
needle length of 600 mm. The deviation of the data from
the prediction of the weep point using Eq. (26) for the
small needles is explained in terms of the accuracy of the
mass flow controller at low gas flow rates where the step
size in Qg covers half a decade in the Fr domain.
Qcr for the transition between surface tension and in-
ertial controlled bubbling is obtained by analysis of the
growth curves (see Fig. 6) for various needle diameters
and nondimensionalized to obtain Frcr:
Frcr,exp   8.34Bo1.37 (27)
as an optimal fit (see dashed line in Fig. 12). We see
that the theoretical expression for Frcr, Eq. (5), agrees
acceptably well with our experimentally obtained correla-
tion shown by Eq. (27).
Transitional Fr numbers FrP2 for the regime transi-
tion to Period-2 bubbling are obtained by inspection of
time return plots (see Fig. 11) and validated with the
high-speed camera (see Fig. 10). We find that
FrP2   19.5Bo2.24 (28)
where we rejected for our curve fitting FrP2 obtained for
higher viscous liquids as the increased viscosity alters the
bubble rise velocity and, therefore, the onset of Period-2
bubbling. Our measurements of FrP2 are compared with
results found in literature in the overlapping parameter
regime. Our estimate of FrP2 is found centred between
the data of Kyriakides et al. [38] (Y, dotted line) and Zhang
and Shoji [15], Badam et al. [37], Tritton and Egdell [35].
A large spread in FrP2 values was found in literature;
the transition to Period-2 bubbling found by Tritton and
Egdell [35] is found to be well beyond the transition to
bubble formation with coalescence found by Kyriakides
et al. [38] (+, dotted line). The data found by Tufaile and
Sartorelli [56] (for water) seems to be in good agreement
with the trend we obtained. While the onset of bifurcation
in bubble formation times [56] was found to be erratic,
increasing liquid viscosity had a calming effect and the
transition to P2 bubbling could be clearly observed for
higher viscosity liquids.
4.2. Bubble formation rates and diameters
4.2.1. Without liquid co-flow
Fig. 13 shows the bubble formation rate and bubble
diameters as a function of gas flow rate, needle dimensions
and fluid properties as measured with a microphone in-
stalled in the pressurized chamber. The bubble formation
rate is 10-55 s1, resulting in bubble diameters of 3.5-6.5
mm. Bubble diameters increase with the gas flow rate and
needle diameter. The growing error bars at higher gas flow
rates are due to Period-2 bubbling. A slight bend in the
slope of the formation rates is observed, indicated by a
dashed line in Fig. 13 (a), which is ascribed to the critical
gas flow rate given by Eq. (4). Constant volume detach-
ment with a bubble volume of Vcr, Eq. (7), is not observed
due to chamber pressure and flow fluctuations and the in-
ability to further reduce the flow rate without emergence
of intermittent bubbling and weeping. The bubble forma-
tion rate approaches constant frequency formation [21] at
high flow rates. A slight change in the slope of the bubble
formation rate is observed at gas flow rates close to Qcr,
see Eq. (4), as shown by the dashed line in Fig. 13a.
For the 0.79 mm I.D. needle, coalescence of two bubbles
is observed for a small range of flow rates at  1.2 cm3/s
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Figure 13: Left: bubble formation rate. Right: bubble diameter as function of the gas flow rate. (a)+(b): 0.79 @ dn @ 2.06mm and
Ln   600mm. (c)+(d): dn   1.55mm and µ   1,5,10µw. (e)+(f): dn   1.55mm and 400 @ Ln @ 800mm. Error bars are shown at  one
standard deviation from the mean.
13
  
and beyond Qg A 2.1 cm3/s (see Fig. 13 a,b). Therefore,
results for Qg A 1.0 cm3/s are discarded from our further
analysis for this particular needle diameter.
Viscosity (see Fig. 13c,d) has no significant effect on
the bubble formation rate and diameters for µl @ 10µw for
a 1.55 mm diameter needle, as the resulting bubble diam-
eter of bubbles formed in a liquid of 5.8µw and 10.1µw,
with densities of 1122 and 1153 kg/m3, are very similar.
The increased density of the water-glycerol solution does
result in smaller bubble sizes compared to bubbles formed
in water. For the highest viscosity tested, Oh  3  102,
which is very close to the inviscid limit [21] and a potential
increase in bubble size due to viscosity could not be distin-
guished from the effect of constant pressure condition on
the bubble formation. A sharp transition to Period-2 bub-
bling is found at Qg  2.5 cm3/s, as indicated by the error
bars. Although, Zhang and Shoji [15] shows that Period-2
bubbling occurs when Re A 200 (independent of the liquid
phase properties), we found that the onset of Period-2 bub-
bling is advanced to lower gas flow rates for higher liquid
viscosities and Period-2 bubbling occurs without intermit-
tency. The increased liquid viscosity reduces the bubble
rise velocity and acceleration, which may enhance interac-
tions between leading and trailing bubbles.
The needle length (see Fig. 13e,f) has no significant
influence on the resulting bubble size, although the transi-
tion between intermittent and continuous bubbling (weep
point) occurs at lower gas flow rates for longer needles.
Fig. 14 shows our non-dimensionalized results com-
pared to the models of Oguz and Prosperetti [19], Eq.
(6a,b), and Gaddis and Vogelpohl [22], Eq. (8). Our data
agrees well with the model of Oguz and Prosperetti [19] for
high flow rates at constant upstream pressure. The results
converge to Eq. (6b), which is given as a dashed line in Fig.
14a. Eq. (6a) is not recovered as the operating conditions
in the present study do not represent constant flow condi-
tions and lower flow rates could not be maintained due to
the occurrence of intermittent bubbling. Bubbles formed
at low/intermediate flow rates under approximately con-
stant pressure conditions may be up to twice as large (in
diameter) as bubbles formed at the same flow rate under
constant flow conditions [21], which agrees well with our
data in Fig. 14a.
The data obtained in the present study agrees reason-
ably well with the model (for constant flow conditions)
proposed by Gaddis and Vogelpohl [22] as shown in Fig.
14. At low flow rates, the measured bubble sizes are larger
than the model predictions, which is due to the deviation
from constant flow condition. However, at high flow rates
through the 0.97 mm needle, the resulting bubble diame-
ter is overestimated. We note that their model takes liquid
viscosity into account, whereas we found that the viscos-
ity is unimportant at viscosities lower than 10µw for the
resulting bubble diameter.
Our dimensional analysis therefore resulted in a su-
perposition of the form d   aFrAx  bBoBx1~x, i.e. in
terms of just Fr and Bo. A minimization of the residuals












































Figure 14: Non-dimensional representation of the data shown in Fig.
13 according to the scaling laws of (a): Oguz and Prosperetti [19],
Eq. (6a,b) and (b): Gaddis and Vogelpohl [22], Eq. (8). For the
legend see Fig. 13.
squared yields:
d   9.01Bo0.80  1.57Fr0.581~3 (29)
Fig. 15 shows the performance of our model and we see
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Figure 15: Parity plot for the proposed model for the dimensionless
bubble diameter as function of Fr,Bo. The dashed line (parity line)
represents the model equation, Eq. (29). For the legend see Fig. 13.
that our model predicts the bubble diameter very well
throughout the full range of gas flow rates, needle dimen-




0.27, if Fr   0
1.16Fr0.19, if Fr AA Bo1
(30)
For the high gas flow rate limit (Bo  ª), the pre-factor
of 1.16 agrees well with the literature described. At the
limit for low gas flow rate (Fr   0), constant diameter
detachment is not observed and Eq. (1) is not recovered.
4.2.2. In co-flowing liquid
Fig. 16 shows bubble formation rate and bubble diam-
eter as function of gas flow rate and liquid co-flow velocity
(vl) for 0.79, 1.19 and 1.55 mm inner diameter needles.
The formation rate of single bubbles without coalescence
increases with vl up to values of 125 s1 for the small-
est needle diameter tested. Fig. 17 visualizes the bubble
diameter for the 1.55 mm diameter needle only.
For high gas flow rates in the presence of liquid co-flow,
Period-2 bubbling is not observed (see Fig. 5 and Sec.
4.1.4) and the spreading in the bubble diameter becomes
smaller with increasing vl.
At low gas flow rates, bubbling becomes more chaotic
(see also Fig. 11b) for increasing liquid co-flow and the
transition to intermittent bubbling is advanced to slightly
higher gas flow rates. At high co-flow velocities, the bub-
ble size distribution narrows for increasing gas flow rates,
which indicates a regime transition. Therefore, a trough in
the surface plot for the bubble diameter (Fig. 17) begins
   v
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Figure 16: (a) Bubble formation rate and (b) bubble equivalent di-
ameter for bubble formation with liquid co-flow (see color bar). Error
bars are plotted at  one standard deviation from the mean. : di
= 1.55 mm, T di = 1.19 mm, X  di = 0.79 mm.
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Figure 17: Surface plot of the bubble diameter as function of gas
flow rate and liquid co-flow velocity. Error margins are plotted at 
one standard deviation. dn = 1.55 mm, Ln   600 mm.
to emerge at increasing co-flow velocity for low gas flow
rates.
The critical bubble diameter as defined by Eqs. (1) and
(7) is 3.3, 3.8 and 4.1 mm for a 0.79, 1.19 and 1.55 mm
nozzle respectively. Sub-critical detachment is observed
at high co-flow velocities as bubbles detach from the nee-
dle with a diameter smaller than the diameter predicted
by Eq. (1). Analysis of the time return plot for a liq-
uid velocity of 0.38 m/s (Fig. 11b) confirms that bubble
formation intervals at such low gas velocities (and high
liquid velocities) are irregular. Sub-critical detachment,
which distorts the surface tension/buoyancy force equilib-
rium, in combination with a large pressure ratio, see Eq.
(20), impedes constant flow rate and, therefore, the transi-
tion to intermittent bubbling is altered to higher gas flow
rates.
We performed an analysis, following the derivation of
Oguz and Prosperetti [19], to obtain an expression for
Qcr,co to distinguish between stc and ic bubble formation
as function of the liquid co-flow velocity, and we found
that (see Appendix)







where Qcr (the critical flow rate without co-flowing liquid)
is given by Eq. (4) and dcr is given by Eq. (1). The trough
observed in Fig. 17 occurs at Qg~Qcr,co @ 0.5 (see Fig. 18)






















Figure 18: Vb~Vcr vs. the non dimensional gas flow rate divided by
the critical gas flow rate for bubbling in co-flowing liquid, Eq. (31).
Use the colorbar given in Fig. 16.
and no subcritical (Vb~Vcr @ 1) detachment is observed be-
yond this value. For high liquid co-flow velocities, all gas
flow rates are sub-critical and we conclude that Qcr,co is
not a good measure to distinguish between surface tension
controlled and inertia controlled detachment. Fig. 18 also
shows an increase in the slope of Vb~Vcr for increasing liq-
uid co-flow velocities, which let us conclude that Vcr and
Qcr,co are not suitable to nondimensionalize our data.
Fig. 19 shows our data compared with the implicit
models of Sada et al. [30], Chuang and Goldschmidt [48]
and Oguz and Prosperetti [19].
The model of Sada et al. [30], which is given by Eq.
(14), performs reasonably well at gas flow rates beyond
the occurrence of the trough (see Fig. 17), where surface
tension becomes less important compared to inertia.
The model of Chuang and Goldschmidt [48], see Eq.
(12), performs quite well for high liquid co-flow velocities.
The curves seem to converge to the parity line for increas-
ing co-flow velocities for all needles tested, but the bubble
diameter is strongly underestimated at low liquid veloci-
ties.
The model of Oguz and Prosperetti [19], Eq. (16), is
not suitable for the tested conditions for two reasons:
• The assumption of constant flow is invalid for low gas
flow rates and bubble volumes are underestimated.
• When surface tension is ignored, bubble diameters
are underestimated as surface tension exerts a force
against the direction of gravity, which becomes im-
portant at small bubble diameters.
Obviously, the correlations from literature do not fit
16
  









































Figure 19: Comparison of our data with the models of (a) Sada et al. [30], (b) Chuang and Goldschmidt [48], and (c) Oguz and Prosperetti


















Figure 20: Parity plot for the proposed model for the dimensionless
bubble diameter as function of vl~vg . d0 is the bubble diameter as
function of Fr,Bo in the absence of coflow, as given by Eq. (29).
our co-flow data. Therefore, a dimensional analysis was
performed and we arrived at dco   fFr,Bo, vl~vg, where
dco is the measured bubble diameter (with co-flowing liq-
uid) to needle diameter ratio. The dependence of the di-
mensionless bubble diameter on the velocity ratio vl~vg fol-
lows from the analysis of Sada et al. [30] if v2l ~gdn AA 1,
(see Eq. (13)) or from the approximation given by Oguz
and Prosperetti [19] (see also Eq. (16)). We ignored vis-
cous forces (Capillary number) as the flow in the channel is
turbulent and viscosity was found to have no effect on the
bubble size formed in quiescent liquid for liquid viscosities
up to 10µw. We also ignored the inner/outer diameter ra-
tio as, by inspection of Fig. 5, the outer diameter does
not seem to influence the bubble formation process in the
presence of liquid co-flow.
We now propose a correlation for the bubble diameter,
based on a superposition of the correlation for the bubble
diameter in quiescent liquid and a contribution due to the
liquid co-flow. The general model equation then reads as
dco   dxa  vlvg y1~x, where d is given by Eq. (29). The
fitting parameters a, x, y are obtained through minimiza-
tion of the squared residuals and the resulting correlation
reads as:
dco   9.01Bo0.80  1.57Fr0.581  0.060 vlvg 0.80
1~3
(32)
which is valid for both bubble formation in quiescent liquid
and with co-flowing liquid.
Fig. 20 shows a parity plot of the experimentally ob-
tained bubble diameter (for continuous bubbling) against
the model prediction by Eq. (32). The dotted lines show
the 10% deviation from the parity line. The model per-
forms very well for a range of non-dimensional bubble di-
ameters (d A 2.5) with all data falling between a 10%
interval. Several model equations, by parametrization of
the coefficients in Eq. (29), as well as equations based
on different dimensionless numbers (e.g. We), were eval-
uated, but no better fit was found. More experiments are
required under constant flow conditions, to validate the
model for bubble formation in the quasi-static (gas) flow
regime. The velocity ratio vl~vg may be interpreted as the
ratio of the entrainment due to the liquid co-flow velocity
vl to the imposed gas velocity vg, which is related to the
varying bubble growth rate dRb~dt, according to:
17
  























































Ref. dn Qg vl Vch µl σ
mm cm3/s cm/s cm3 cP N/m
(a)
K69 6.3 9-93 - 500
J01 1.0 1-15 - CF
J01 2.0 1-15 - CF
J01 3.0 1-15 - CF
J01 2.0 0.6-11 - CF 23.5
S78 0.86 0.2-3.3 - CF
T80 1.69 0.019-7.7 - CF
T80 3.03 0.015-8.5 - CF 10 71.8
T99 1.19 0-5.1 - 50
(b)
O93 2.0 1.6 0-200 CP
O93 2.0 7.8 0-200 CP
S78 0.86 0.83 0-155 CF
S78 0.86 1.6 0-155 CF
S78 0.86 4.8 0-155 CF
S78 3.05 4.8 0-155 CF
S78 3.05 12 0-155 CF
S78 3.05 15.8 0-155 CF
T80 1.69 0.019-7.9 20 CF
T80 1.69 0.011-9.5 30 CF
T80 1.69 0.019-8.9 10 CF 10
T80 1.69 0.016-8.3 20 CF 30
T80 1.69 0.014-7.8 30 CF 1.6 43
T80 1.11 0.012-7.6 30 CF 1.6 43
T99 1.19 0-5.1 8.7 50
T99 1.19 0-5.1 13 50
T99 1.19 0-5.1 17.3 50
Figure 21: Parity plot of our model prediction, equation Eq. (32), xaxis, and data found in literature yaxis. (a) Bubble formation in
quiescent liquid (left column); (b) bubble formation with liquid co-flow (middle and right column). The working liquids are water, unless
otherwise mentioned. CP: constant pressure; CF: constant flow.
K69: A. Kupferberg [57]; J01: Jamialahmadi et al. [31]; S78: Sada et al. [30]; T80: Takahashi et al. [58]; T99: Terasaka et al. [29]; O93:




d2nvg   4πRbtdRbdt (33)
4.2.3. Comparison with previous results
Fig. 21a shows the performance of our model with
respect to data found in literature for bubble formation in
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quiescent liquid. As lots of data is available, a selection
was made and we compare our data to the data of:
- studies who also reported bubble diameters formed from
needles in co-flowing liquid [29, 30, 58];
- a comprehensive study reporting on bubble diameters
formed from various needles in various liquids under con-
stant flow condition [31]; and
- bubble formation formed from needles connected to a
pressurized chamber [19, 29, 57].
We see that our model works very well for high gas flow
rates and various liquids as all data series converge to the
parity line. The model overestimates the bubble volume at
low gas flow rates; deviation from constant flow condition
in our data, on which our model is based, explains this
divergence as our model equation does not recover Eq.
(1) for bubble formation in the quasi-static flow regime.
The model underestimates the experimental data found
by A. Kupferberg [57] and Terasaka et al. [29], as these
studies were (also) performed using a pressurized cham-
ber upstream the needle and, therefore, constant flow con-
dition was not satisfied. Bubble diameters are found to
be highly dependent on the needle length/diameter and
chamber volume, as bubble diameters reported by those
authors were found to be much larger than bubble diam-
eters (found in literature) measured under constant flow
condition.
Fig. 21b shows the performance of our model with
respect to data found in literature for bubble formation in
co-flowing liquid where:
- vl was varied and Qg fixed (middle column) [19, 30], or
- Qg was varied and vl fixed (right column) [58, 29].
We see that our model performs well for higher values of
d (increasing Qg) for various liquids. The model underes-
timates the bubble volume at low Qg or high vl, as bubbles
are formed under sub-critical diameters, Eq. (1), and bub-
ble formation is surface tension - inertia (drag) controlled,
which effect is not incorporated in the ratio vl~vg. We ex-
cluded this regime in our analysis, as bubbles are formed
intermittently (see Fig. 11b) due to the non-constant flow
condition. The bubbles sizes reported by Terasaka et al.
[29] (with co-flow) are much larger compared to our model
prediction and other reported studies for both bubbles
formed in quiescent liquid and co-flowing liquid as a re-
sult of using a pressurized chamber and a short nozzle
(large kor, small flow resistance). More detailed experi-
ments with different chamber volumes and short needles
(large PR, see Eq. (20)) are required to correlate the bub-
ble size with Vch and Ln.
5. Conclusions and Recommendations
New experiments were performed to study the bubble
formation process with and without liquid co-flow under
approximate constant chamber pressure and we compared
our data to models existing in the literature. We found
that the model of Gaddis and Vogelpohl [22] described
bubbling in a quiescent liquid reasonably well, but does
not describe our results at low flow rates as the operating
condition differs from constant flow condition. The litera-
ture correlations for the bubble formation in the presence
of liquid co-flow were found to poorly agree with the data
obtained in the present study. Therefore, a correlation
is proposed for the bubble diameter formed in both qui-
escent and co-flowing liquid, where d   fFr,Bo, vl~vg
only. Our new correlation relates to inertia controlling and
surface tension dominated bubbling dynamics and is found
to be accurate for low viscosity liquids, Bo numbers in the
range of 0.1-0.6, and the vl~vg ratio up to 0.33. We tested
our new correlation to previously reported studies and we
found that our correlation performs very well for a broad
range of gas flow rates, liquid velocities and liquid viscosi-
ties under approximately constant pressure conditions.
Bubble growth curves were obtained by image analysis
(taken with a high speed camera) and bubble formation in-
tervals were determined using a microphone, which was at-
tached to the pressurized chamber to detect pressure fluc-
tuations. This novel technique of using a microphone to
detect bubble formation times is highly effective whereas
the amount of data (compared to high-speed imaging) is
relatively small. The experimental data is useful for valida-
tion of numerical or physical modelling (Rayleigh-Plesset
with non-constant supply pressure).
We constructed an operating map for bubbling in qui-
escent liquid to distinguish between surface tension con-
trolled and inertia controlled bubble formation, where we
found experimental evidence for a critical flow rate as pro-
posed by Oguz and Prosperetti [19]) and between single
and Period-2 bubble formation. Experiments with con-
stant flow conditions are required to confirm the correla-
tion for the critical flow rate and more experiments (at
higher gas flow rates) are required to obtain the regime
transition (from Period-2 bubbling) to coalescence for both
bubbling in quiescent and co-flowing liquid. Time return
plots were used to analyse the chaotic behaviour of the
system and were shown to be useful in determining the
occurrence of Period-2 bubbling.
We introduced the ratio PR of a Laplace pressure (based
on nozzle diameter) to the Hagen-Poiseuille pressure drop
for laminar nozzle flows to discriminate between constant
flow rate and constant chamber pressure. In addition, this
pressure ratio is good indicator for the emergence of in-
termittent bubbling (or weep point), but more detailed
experiments (more orifice sizes, liquids, chamber volumes)
and chamber pressure measurements are required to inves-
tigate this transition. For the design of spargers, where a
uniform bubble size distribution is requisite, it is recom-
mended to operate at low values of PR (approaching con-
stant flow conditions), where intermittent bubbling and
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Appendix. Derivation of Qcr,co
Following the derivation of Oguz and Prosperetti [19]
for Qcr, the co-flow velocity vl is added to the rise distance
1
2gt
2, where t is time and Rb is the bubble radius. The
bubble centre (Rb) has risen an amount of:




during time t. Assuming constant flow, the bubble volume





t can be isolated from the above equation and substituted

















π2gR5b   0 (A.4)




πR2b ¼2gRb  v2l  vl (A.5)














The critical bubble diameter (when surface tension and
buoyancy are in equilibrium), is given by:
Rcr   3σrn2ρg 1~3 (A.7)
At a flow rate of Qcr, when, during time t, the bubble
centre has risen an amount equal to the bubble radius and









which can be rewritten in terms of Frl and Bo to:
Qcr,co   Qcr

¿ÁÁÀ1  Frl  6
Bo
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